In this paper, we consider integral curves of a vector field generated by Frenet vectors of normal indicatrix of a given curve in Euclidean 3-space. We define some new associated curves such as evolute direction curves, Bertrand direction curves and Mannheim directon curves of the normal indicatrix of a regular curve, respectively. We also found the relationships between curvatures of these curves. By using these associated curves, we give a new approach to construct slant helices and C-slant helices. Finally, we present some examples.
Introduction
In differential geometry, the curves that found in a differential and mathematical relationship between two or more curves are called associated curves. Among these curves the most studied ones are evolute curve, Bertrand curve, Mannheim curve, and spherical indicatrix... Then, the Frenet equations are given by the following relations:
The authors U. Beyhan,İ. Gök, & Y. Yaylı. (2016) , have introduced the alternative frame (N, C, W), where
are respectively the unit principal normal, the derivative of the principal normal and the unit Darboux vector field along the curve α. Then, the derivative formulas of the alternative frame are given by the following relations: -The curve α whose principal normal vector N(s) makes a constant angle with a fixed direction is called slant helix. α is a slant helix if and only if the following function
is constant.
-The curve α whose vector field C(s) makes a constant angle with a fixed direction is called C-slant helix. α is a C-slant helix if and only if the following function
-Let α : I ⊂ R → E 3 and β : I ⊂ R → E 3 be two curves in E 3 , with Frenet frame {T α , N α , B α } and T β , N β , B β respectively. β is called evolute (resp. Bertrand, Mannheim) curve of α if and only if N β = T α (resp. N β = N α , N β = B α ).
-Let α : I ⊂ R → E 3 be a regular curve in E 3 . If we translate of the principal normal vector field to the center of unit sphere S 2 in the E 3 , we obtain a spherical curve α N (s N ) = N(s). This curve is called normal indicatrix of curve α = α(s).
Denote by {T N , N N , B N } the Frenet frame of α N and by k N , τ N its curvatures. Then, the Frenet equations are given by the following relations:
and s N is the arc-length parameter of α N .
Direction Curves of Normal Indicatrix
Let α = α(s) be a regular curve in E 3 with the Frenet frame {T, N, B} and α N = α N (s N ) its normal indicatrix with the Frenet frame {T N , N N , B N } . For the normal indicatrix α N , consider a vector field X given by
where x,y and z are real functions of s N the arc-length parameter of the normal indicatrix of a curve α.
As a particular case, we limit our study to a unit vector field X, then we get:
By differentiating equation (3), we have the following:
Then the definition of X−direction curve of the normal indicatrix α N of a curve α is given as follows:
Definition 1. Let α be a curve in E 3 , α N be the normal indicatrix of a curve α and X be the unit vector field satisfies (2) and (3). The integral curve of X is called X-direction curve of α N .
Let β = β(s β ) be a X-direction curve of the normal indicatrix α N of a curve α, with the Frenet frame T β , N β , B β and the
where s β is the arc-length parameter of β.
By passing to the norm we obtain: s β = s N + c. Without loss of generality, we assume that s β = s N .
By differentiating (2), we have the following:
By using the equation (5), we construct a new directon curves such as evolute-direction curves, Bertrand-direction curves and Mannheim-directon curves of the normal indicatrix α N of α, and we give some properties characterizing these curves.
Evolute-Direction Curves of Normal Indicatrix
In this section, we characterize the X−direction curves of the normal indicatrix α N of a regular curve α which are evolute of α N . As a result, we obtain some relations between these curves.
Theorem 2. Let α be a curve in E 3 and α N be normal indicatrix of a curve α.
An X-direction curve of α N is its evolute if and only if
Proof. Let β be X−direction curve of α N , and its evolute. By using (5) we obtain the following system of differential equations :
By multiplying the first, the second and the third equation in (6) with x, y and z respectively and by adding the results we obtain, x = 0. Since y 2 + z 2 = 1, we have:
By giving x the value 0 in (6) and using (7), we obtain:
Hence the vector coordinates of X(s N ) are given by
Conversely, let X = sin( τ N ds N )N N + cos( τ N ds N )B N , we easily prove that N β = X X = T N .
From Theorem (2), we can give the following definition:
Definition 3. An integral curve of vector field sin τ N ds N N N + cos τ N ds N B N is called evolute-direction curve of α N the normal indicatrix of a curve α.
In the following, we give the relationships between curvatures of the normal indicatrix α N of a regular curve α and its evolute-direction curve β.
Proposition 4. Let α be a curve in E 3 , α N be the normal indicatrix of a curve α and β is evolute-direction curve of α N .
The relationships between curvatures of the curves α N and β can be expressed as follows:
Proof. From (6), it follows
Since β is an evolute-direction curve of α N , then the Frenet frame of a curve β can be expressed by:
By the definition, we obtain the torsion as following:
From (8) and (9), we have:
By differentiating the last equality, we obtain:
Corollary 5. Let β be evolute-direction curve of α N , normal indicatrix of a curve α. Then:
By using (1) and from corollary (5), we can give the two following theorems without any proof.
Theorem 6. Let α be a curve in E 3 , α N be normal indicatrix of a curve α and β be evolute-direction curve of α N . Then the following are equivalents:
i-α is a slant helix.
ii-α N is a circle or a part of a circle on unit sphere.
iii-β is a general helix.
Theorem 7. Let α be a curve in E 3 , α N be normal indicatrix of a curve α and β be evolute-direction curve of α N . Then the following are equivalents:
ii-α N is a spherical helix.
iii-β is a slant helix.
Bertrand-Direction Curves of Normal Indicatrix
Like the evolute-direction curves, in this section, we give a characterization of the X-direction curves of α N which are Bertrand of α N . As a result, some relations between these curves are determined.
Theorem 8. Let α be a curve in E 3 and α N be normal indicatrix of a curve α.
An X-direction curve of α N is its Bertrand if and only if
where θ is a constant angle.
Proof. Let β be X-direction curve of α N and Bertrand of α N . By using (5) we obtain the following system of differential equations:
By multiplying the first, the second and the third equations in (10) with x, y and z respectively and by adding the results we obtain y = 0. By giving y the value 0 in (10), we obtain:
where c 1 and c 2 are constants real numbers. Since x 2 + z 2 = 1, we have the vector coordinates of X(s N )
where θ is a constant angle between the tangent vector of the curve α N and the tangent vector of the curve β.
From Theorem (8), we can give the following definition:
Definition 9. An integral curve of vector field cos(θ)T N + sin(θ)B N is called Bertrand-direction curve of α N the normal indicatrix of a curve α.
In the following, we give the relationships between curvatures of the normal indicatrix of a regular curve and its Bertranddirection curves.
Proposition 10. Let α be a curve in E 3 , α N be normal indicatrix of a curve α and β is Bertrand-direction curve of α N .
Proof. From (10) we have
Since β is a Bertrand-direction curve of α N , then the Frenet frame of a curve β can be expressed by:
Corollary 11. Let β be Bertrand-direction curve of α N , the normal indicatrix of a curve α, then
Proof. From the proposition (10), it can be easily seen that:
We have
, by differentiating the last report, we obtain
therefore we complete the proof.
From corollary (11), we have the two following theorems without any proof.
Theorem 12. Let α be a curve in E 3 , α N be normal indicatrix of a curve α and β be Bertrand-direction curve of α N . Then α is a C-slant helix if and only if β is a general helix.
Theorem 13. Let α be a curve in E 3 , α N be normal indicatrix of a curve α and β be Bertrand-direction curve of α N . Then:
α N is a spherical helix if and only if β is a general helix.
α N is a spherical slant helix if and only if β is a slant helix.
Mannheim-Direction Curves of Normal Indicatrix
In this section, we give a characterization of X-direction curves of α N which are Mannheim of α N and obtain some relations between these curves.
Theorem 14. Let α be a curve in E 3 and α N be normal indicatrix of a curve α.
An X-direction curve of α N is its Mannheim if and only if
Proof. We suppose that β is X-direction curve of α N and its Mannheim. By using (5) we obtain the following system of differential equations:
By multiplying the first, the second and the third equations in (11) with x, y and z respectively and by adding the results we obtain, z = 0. Since x 2 + y 2 = 1, then:
x = sin(θ(s N )), y = cos(θ(s N )).
By giving z the value 0 in (11) and using (12), we obtain:
Conversely, let X = sin k N (s N )ds N T N + cos k N (s N )ds N N N , we easily prove that N β = X X = B N .
From Theorem (14), we can give the following definition:
Definition 15. An integral curve of vector field sin k N ds N T N + cos k N ds N N N is called Mannheim-direction curve of α N the normal indicatrix of a curve α.
In the following, we give the relationships between curvatures of the normal indicatrix of a regular curve α and its Mannheim-direction curves.
Proposition 16. Let α be a curve in E 3 , α N be normal indicatrix of a curve α and β is Mannheim-direction curve of α N . The relationships between curvatures of the curves α N and β can be expressed as follows:
Proof. From (11) we have:
Since β is a Mannheim-direction curve of α N , then the Frenet frame of a curve β can be expressed by:
By the definition, we obtain the torsion as following
From (13) and (14) we have τ N = k 2 β + τ 2 β , and
By differentiating the last equality, we obtain
Corollary 17. Let β be Mannheim-direction curve of α N , the normal indicatrix of a curve α, then:
By using (1) and from Corollary (17), we can give the two following theorems without any proof.
Theorem 18. Let α be a curve in E 3 , α N be normal indicatrix of a curve α and β be Mannheim-direction curve of α N . Then the followings are equivalent:
ii-α N is a circle or a part of a circle on the unit sphere.
iii-β is a straight line.
Theorem 19. Let α be a curve in E 3 , α N be normal indicatrix of a curve α and β be Mannheim-direction curve of α N .
Then the followings are equivalent:
i-α is a C-slant helix.
Examples
Example 20. Let N(s) be the principal vector field of the given curve α, N(s) = 4 5 cos(5s); 4 5 sin(5s); −3 5 . Since s N = 4s, then the normal indicatrix α N of the curve α is obtained as follows: The Frenet-Serret apparatus of α N is given as following: 
= − cos 5 4 s N sin(θ 1 ); − sin 5 4 s N sin(θ 1 ); cos(θ 1 ) , X M (s N ) = (− cos(θ 2 ); sin(θ 2 ); 0) .
Therefore β E and β M are respectively obtained as following where θ 1 , θ 2 and c i, {i = 1, .., 6} are reals constants. By giving θ 1 = θ 2 = π 4 and c i = 0, we obtain the curves β E and β M as illustrate in the following figures where 1 ; 2 and c i; fi = 1; ::; 6g are reals constants. By giving 1 = 2 = 4 and c i = 0; we obtain the curves E and M as illustrate in the following …gures (s) = sin(s) sin(sin(s));
then we obtain the curve as illustrate in the …gure (5): (s) = sin(s) sin(sin(s));
then we obtain the curve as illustrate in the …gure (5): In (D.J.Struik (1961)), author has given the following form of a curve using the Frenet vectors of the curve and Taylor expansion
Let k and τ be the curvature and the torsion of the C-slant helix α given in C. Ramis The Frenet-Serret apparatus of α N is given as following: 
